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SECTION |

INTRODUCT ION

The purpose of this study was to include a number of recent advances

in theoretical and experimental behavior of reinforced and plain concrete in

a computer program for analyzing plain or reinforced concrete structures. The

properties of reinforced concrete are represented by variable moduli that

combine the stiffness of steel and concrete and can change due to (1) cracks,

(2) progressive failure of bond, (3) orthotropy due to different tangent

moduli in different directions, (4) general orthotropy due to inelasticity of

concrete in compression and cracks in tension, (5) confining effects, and

(6) inelasticity of steel.

Although a mode! of this type was originally developed by |senberg and
Adham in 1969 (Ref. 1), the present study aims at specific types of improve-

ments as follows:

Improved constitutive properties of plain concrete, especially in

muitiaxial compression
Improved representation of dowe! action

Improved representation of bond s!ip, ‘nciuding review of previous

work and some new experiments

Inclusion of rehonding capabi’' 'y

Development of a computer program that ‘ncorporates the constitutive
properties and that can be ‘nserted ./ th rew or no changes into a
wide variety of continuum f'nite element and finite difference
programs

The present study was carried in four primary steps as follows:

STEP 1. The purpose of tnis step wss to ~efine the formulation of the

material model proposed by lsenberg and Adham (Ref. 1) on the basis of experi-

mental and analytical data that became available after this model was proposed

Preceding page blank




s Crad et

in 1969. The work included: (1) literature review, (2) evaluation of data
that are pertinent to the improvement of the Isenberg-Adham model, (3) modifi-

cation of the model based on the above pertinent data.

STEP 2. The purpose of this step was to develop a set of subroutines for
the plain and reinforced concrete models developed under Step 1. The sub-
routines are designed to pe used with finite element or finite difference codes

and can handle plane stress, plane strain, axisymmetric, and three-dimensional

states of stress or strain.

In the intended application a solution is obtained by the step-by-
step method of integration. The subroutines calculate stress and strain
at the end of the current step, based on the current strain increment.
However, the capability of calculating strains from a known state of stress

was also included.

STEP 3. The purpose of this step was to obtain new experimental data on
bond slip and to compare the results with the assumptions contained in the
mathematical model. Cylindrical specimens of concrete were each cast with one
reinforcing bar cast concentrically. Strain gages were placed on the inner
surtface of the bar and the outer surface of the concrete. One experiment was
performed on bond slip in tensiui., while another experiment was performed on
bond slip in compression. Each experiment used two instrumented specimens and
one noninstrumented specimen on which only tota! elongation/contraction were
measured. Auxiiiary tests were made on noninstrumented specimens to determnine

the physical properties of concrete.

STEP 4. The purpose of this step was to incorporate the computer package
developed under Step 2 into an existing dynamic, inelastic, two-dimensional
continuum finite element code (FEDIA), which has been developed by Agbabian
Associates. The new version of FEDIA, which includes the new material package,
is called FEDRC. The FEDRC code was used to analyze several reinforced concrete
structures in order to demonstrate the capabilities of the material model
developed under this study. Five static cases and four dynamic cases were
analyzed, for a total of nine demonstration cases. Cases 1 and 2 represented

static behavior of deep beams, while static cases 3, 4, and 5 were aimed at
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representing the extreme condition of beam columns under static loads. The
first dynamic case was a deep beam subjected to impact loading, while the
second case demonstrated dynamic beam column response. The third dynamic
case was aimed at demonstrating the capability :f the code to model the
behavior of reinforced concrete silos. The fourth dynamic case represented
the behavior of reinforced concrete beams under impact Ioading; The results

of these demonstration cases were compared with available experimental data.

The main application of the present work is to the analysis of the static
or dynamic response of reinforced concrete structures. Although the examples
reported are two-dimensional, the computer program is capéble of analyzing

three-dimensional structures.

Section Il of this report is a review of current approaches to analyzing

composite models of reinforced concrete.

Section Il is a discussion of the recent data on parameters to construct

a composite reinforced concrete model.

Section IV describes the method of analysis used in this project. The

fundamental assumptions and the formulation of the model are given.
Section V includes a description of the experimental studies.

Section VI contains a detailed descripticn of the cases studied and dis-

cussion of the results.

Sections VII and Y!!! provide a sumniry and conclusicns, dJderived from

this study, and offer recommendations.

The computer package MATPAC (Materia! Package), vced in this study, is
described in Appendix |. The proced: re foir coftiy p input for the analyticali

model is given in Appendix !I.

Units of measurement are given throuahcut ia both English and System

International units.
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SECTION 11

REVIEW OF CURRENT APPROACHES USED TO FORMULATE
COMPOSITE mMODELS

1.  BACKGROUND AND SCOPE OF REVIEW

A rigorous analysis of a reinforced concrete structure requires the
idealization of the structure as a composite model. The formulation of such

a model is complicated by the rollowing factors.

° The reinforced concrete ~ember is composed of two materials: steel

and concrete.
° The stress/strain relationship for reinforced concrete is nonlinear.

® The data on confining effects a. 4 failure theory for concrete under

biaxial or three-dimensional states are 'imited.
e The influence of creep and shrinkage may need to be accounted for.

° The inception and propagation of cracks, the associated bond-slip

relationships, and change in topology* are difficult to model.

° The effect of stirrups, dowel action, and aggregate interlock at

cracks on shear transfer mechanism is not clearly understood.

° The orthotropy due to reinforcement, cracks, material nonhomogeneity,
and anisotropy may change the effective properties during a solution
updating, thus requiring successive evaluation and transformation

of composite properties.

Significant progress has recently been made in developing analytical
methods to examine reinforced concrete structures. The finite element method

has provided the basis for most of the new analytical methods.

There are presently two distinct types of constitutive equatlions that are
used in finite element or finite difference models of reinforced concrete. The

discrete cracking element approach, advanced by Ngo and Scordelis (Ref. 2) and

*Topography of the surface.
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by Nilson (Ref. 3), uses a special linkage element to represent the bond
between steel and concrete. A different approach, proposed by |senberg and
Adham (Ref. 1), develops a composite modulus from individual properties of

concrete and steel, and the bond between them.,

As a result of the differences in techniques used to account for com-
posite behavior, the two approaches have developed along different lines.
The discrete cracking element approach allows a much simpler model of concrete
properties to be formulated because the cracks occur between finite elements
rather than within them. The equivalent continuum approach requires the crack
directions to be computed and stored on an element-by-element basis. The
properties of the continuum elements become orthotropic as cracking and inelas-

ticity progress.

Both the scope of application and formulation of the discrete cracking
element appioach have been expanded and refined by several authors (Ref. 4)
to include beams and shear walls subjected to static loading. The equivalent
continuum approach has been applied to cylindrical concrete s'los embedded in
rock through which the static equivalent of dynamic ground shock loading is
applied (Ref. 5). The finite element method has provided the basis for most

of the analytical solutions that use these two approaches.

2. BASIC FINITE ELEMENT MODELS USED ¥OR THE AHALYS!S OF REINFORCED f
CONCRETE STRUCTURES H
The finite element method has provided an extremely powerful tool for the !

analysis of complex structures and continuous media (Refs. 6-11). This method

dynamic, problems (Refs. 11-14), The method proved successful also in

|
has been used to solve an extensive range of elastostatic, as well as elasto- é
;
the solution of elastic-plastic problems (Refs. 15-17). i

{

A comprehensive survey of the literatire on application of the finite
element method to the analysis of reinforced concrete structures was made by
Scordelis (Ref. 4). The following material precents a summary of finite element
models based on the linkage element and continuum approaches. In addition,
brief summaries are included of some pertinent applications of the finite
element method which are not necessarily based on the two approaches under

discussion.
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a. Original Linkage--Element Model

The first finite element model for the analysis of a reinforced concrete
beam was described by Ngo and Scordelis (Ref. 2). Simple beams were repre-
sented by two-dimensional triangular finite elements. A special 1inkage
element was developed to represent bond-slip phenomena. This element, which
is illustrated in figure 1, links continuum elements representing steel rein- ?
forcing to those representing concrete at discrete points. The 1inkage element
has two degrees of freedom corresponding to relative displacement between steel
and concrete along the reinforcement (eh) and perpendicu’ar to the reinforce-

ment (e,). The bond stress-strain relationship is given by

of o w] e (1

The axial and transverse stiffness, K, and K,, are prescribed in the
natural coordinate system, which is parallel and perpendicular to the axis of
the bar. The strains and displacements are related by the displacement trans-
formation illustrated in figure 1. |In order to add the stiffness of the link-
age element to the global stiffness matrix, transformation to global coordinates

is performed.

With the aid of the linkage element, it was possible to construct an
analytical mode! for the study of reinforced concrete beams. A typical result
from this analysis method is shown in figures 2 and 3. The result agrees with
intuition in that stress in the steel bar is maximum at a crack, the bond
force is zero at the crack and reaches maximum of opposite sign on either side

of a crack.

b. Refined Linkage Element Model

Ngo, Scordelis, and Franklin (Ref. 18) extended the work of reference 2.
Shear in beams with diagonal tension cracks was studied as illustrated by the
example given in figures 4 and 5. The model was refined by representing the !

concrete and main longitudinal reinforcement by quadrilateral elements

| D RN
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consisting of two constrained linear-strain triangles (Ref. 14), and the
influence of stirrups, dowel shear, aggregate interlock and horizontal split-
ting along reinforcement near the support were considered. One-dimensional

bar elements were used for the vertical stirrups.

c. Nonlinear Model

Nilson (Refs. 3 and 19) refined the work of reference 2 by introducing
nonlinear material properties and a nonlinear bond-slip relationship into the
model. He accounted for these nonlinearities by applying the load in small
increments (Figs. 6 and 7). Improved guadrilateral plane stress finite
elements were used. Cracking was accounted for by stopping the solution when
an element indicated a tensile failure. The new cracked structure was
redefined, the revised information was then input into the computer, and the
structure was reloaded incrementally. The method was applied to concentric
and eccentric reinforced tensile members that were subjected to loads applied
longitudinally through the reinforcing ba.s, and the results were checked
against experimental data. Nilson found bond stress patterns that are similar

to those found by Ngo and Scordelis (Ref. 2).

The main shortcoming of Nilson's work, besides approximate treatment of
constitutive properties of plain concrete, is the difficulty of handling tensile
cracking. \Vhile it may be possible to terminate a static calculation, remesh,
and begin loading again from the beginning, it is extremely difficult to do this

in a dynamic calculation.

d. Refined Nonlinear Models

Franklin (Ref. 20) performed a nonlinear analys : of the beam, as shown
in figure 8, in which cracking within the finite ele nts and redistribution
of stresses was automatically accounted for, so th. the response from inftial
loading to failure was obtained in one continuous computer analysis. Incre-
mental loading, with iterations within each increment, were used to account
for cracking and nonlinear material properties. Unlike the preceding studles,
the crack is not predefined, and progressive cracking is assumed to occur over

an entire element normal to a principal stress direction rather than along a

12
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single line. This permits the use of the same structural nodal point topology
throughout the solution, rather than the necessity for splitting the nodes
after cracking and establishing a new topology, as would be required by Nilson's

nonllnear approach.

The segmental material uniaxial stress-strain curves used for the

concrete, steel, and bond stress/slip are shown in figures 8(a) and (b). Two

different modeling schemes used in the analysis are shown in figures 8(d) and (e).

In the first scheme, figure 8(d), the beam is divided longitudinally into
a series of ''frame elements,' each having a total depth equal to that of the
beam. The frame element Is subdivided into ten concrete layers and may have
reinforcement at up to four layers over the depth. Utilizing an assumption of
plane sections remaining plane at sections a-d and b-c, the stiffness of the
frame element subjected to axial force, shear, and moment at each section can
be evaluated for material properties that may vary vertically from layer to
layer, but are constant over the length of the element. For this purpose, each
layer Is assumed to be in a state of uniaxial stress. The nonlinear analysis
proceeds in the usual manner with the modulus of elasticity of each concrete
or steel layer, taken from the stress-strain curves of figure 8(a), being
dependent on the strain existing at the start of the load increment. When a
concrete layer cracks in tension, its modulus is set to zero and the stress is
redistributed to the remaining structure. Obviously, for this idealization
only vertical cracks can occur in the beam. Also, no account is taken of

bond slip.

For plane stress systems in which diagonal c¢racks occur and the two-
dimensional stress state dominates the behavior, the second scheme (shown in
Fig. 8(e)) is more realistic. Here the beam segment a-b-c-d is subdivided into
series of concrete quadrilateral plane stress elements i-j-k-%, made up of
two constrained linear strain triangles and one-dimensional steel bar elements
r-s. Bond may be simulated by adding linkage elements between double nodes
introduced at points such as r. In the present example, Franklin (Ref. 20)

assumed isotropic behavior during each increment of loading prior to cracking.
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He used a single tangent modulus E taken from the uniaxial stress-strain
curve (Fig. 8(a)) as the smaller of the tangent moduli E, and E, corre-
sponding to the two current principal strains. The modulus E is used to
define his isotropic two-dimensional constitutive relation. On the other
hand, Nilson (Refs. 3 and 19) treated the material as orthotropic and used
tangent moduli E; and Ep. Franklin assumed a modified biaxial failure
envelope for the concrete which approximates the actual envelope (Fig. 8(c').
When tensile cracking failure occurs, the element is cracked normal to the
principal stress direction, and this stress is redicstributed to the remaining
structure. Subsequently, the element is assumed to be anisotropic and to have

zero modulus of elasticity normal to the crack.,

Experimental and analytical load versus midspan deflection curves are
shown in figure 9. It can be seen that the analytical cracking load is lower
in all cases than the experimental load, indicating that the actual tensile
strength of the concrete was higher than assumed, or that at low loads the
'"tension stiffening' effect of the concrete between cracks in an element,
which was lIgnored, cannot be neglected. A1l analytical curves indicate a
stiffer model after cracking than found experimentally. Only the analytical
mode! with a low bond link failure limit produced a failure load less than
the experimental value, all others being much higher. Scordelis (Ref. 4)
concluded that for beams that fail primarily because of diagonal tension
cracking, the bond, dowel shear, and aggregate interlock must be modeled more
accurately before a reliable finite element prediction can be made of the

failure load.

e. Wall Panel Study

In this example, the response of a wall panel specimen was studied experi-
mentally and analytically by Cervenka (Ref. 21) and also analytically by
Franklin (Ref. 20). Dimensions, loading, reinforcing scheme, and method of
loading are shown in figure 10. Because of symmetry, each half of the deep
beam test specimen can be considered similar to a wall panel subjected to a

single transverse load.

17



MIDSPAN LOAD, KIPS

(cm)

(0.10) (0.20) (0.30) (0.40) (0.50) (0.60) (0.70X0.76) 3
70 r 1 1 T (311.36 x 10°)
QUAD. + ROD ELEMENTS ’
WITHOUT BOND LINKS 1
U4
4
6o} QUAD. + ROD ELEMENTS ’/,” J(266.88 x 103)
WITH BOND LINKS o .
(HIGH BOND STRENGTH) ~
i
:/’f
oL — FRAME
50k /! ELEMENTS  —(222.4 x 103)
ﬁ -
QUAD. + ROD ELEMENTS 3
ko WITH BOND LINKS —(177.9 x 107)

| ] |

J (LOW BOND STRENGTH
CAUSES LOCAL FAILURE)

—(133.4 x 10%)

—(88.96 x 10°%)

—(ub.48 x 10%)

Figure 9.

0.05

0.10 0.15 0.20
MIDSPAN DEFLECTION, IN.

0.25

0.30

Experimental and Analytical Load versus U 'ection Curves

(Refs.

4 and 20)

18

(N)



N e e ke e

s

E

30 IN.
(76.2) PANEL 1 PANEL 2
. . K|
A B
)
P =—— 34 IN. ,.-__+_,_ LR [ —
(86,126) (86.36)
ELEVATION
3 IN.

NO. 3 BARS

(7.60)
,1_3,,+7;“:\.u4’.@. R
(29.85)_1_ L Y ‘JT_J]

=378 . (0.88) | |

Y 30 [N, ==t =30 IN. -4 [N,
(10.16)  (76.2) LD (76.2) (10.16)
(10.15)
SECTION AB

(a) Dimensions and loading of test specimen

P = 0.00916 >
b7

I W L
10.1¢

VAN

syt=l .

L]
SR
t
1]

0.00916

{
T

ﬂ}—r
iy S
V'J3+L
5N b 20 (1L (61)
v
x
fl

(15,25

0.01832

Ry
AR tnn g

|
"

(b)Y MNo. 3 reinforcement for test specimen

Figure 10. Wall Panel Study (Refs. 4, 20, 21)

19

SISO




In Cervenka's analysis, constant-strain triangular finite elements were
used to model the concrete and steel reinforcement. The steel was assumed to
be uniformly distributed over the element in two orthogonal directions, and
a composite material constitutive relation was developed in order to determine
the element stiffness matrix. Both the concrete and steel were assumed to
have elastic-perfectly plastic stress/strain curve: (Figs. 11(a), 11(b)). For
the concrete, f! = 3880 psi (26753 x 103 N/m?2), f. = 529 psi (3647 x 103 N/m?2),
Ec = 2900 ksi (19996 x 10 N/m?); and for the stee!, f, = 51,200 psi
(353024 x 103 N/m?), E, = 27,300 ksi (188233 x 10" N/m2). The assumed biaxial
stress failure criteria shown in figure 11(c) was adopted for the concrete. An
incremental nonlinear analysis was used which accounted for tensile cracking and
subsequent stress redistribution., Plasticity of the uncracked concrete, which
is in a biaxial state of stress, was assumed to obey the von Mises yield con-
dition and associated flow rule, and was used in the finite element analysis
to account for plastic deformations under biaxial compressive yielding. No
account was taken, either in this analysis or the one that follows, of bond
slip, aggregate interlock, or tension stiffening of concrete in the cracked
zone. Cervenka compared his analytical results with Peter's experimental
studies on reinforced concrete wall panels and spandrel beams (Ref. 22).

He concluded that reasonable correlation with experimental results can be

obtained in problems by monotonically increasing the loading. However, in
the problems with cyclic loading, nonlinear effects of bond slip and crack
surface deterioration should be properly accounted for, in order tu achieve

good correlation with experimental measurements.

In the analysis using Franklin's program (Ref. 20), quadrilateral elements
made up of two constrained linear strain triangles (Ref. 14) were used for the
concrete and one-dimensional bar elements were used for the steel reinforce-
ment. The same uniaxial stress/strain curves (Fi~s. 11(a) and 11(b)) were
used for the concrete and steel, while a slightly different failure critericn
(Fig. 8(c)) was assumed for the concrete under biaxial stress. Tensile crack-
ing was accounted for and the concrete was assumed to have failed when it

reached fé in compression with no subsequent plasticity.
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The two analyses both seemed to predict experimental load-deflection curve
and crack pattern quite well (see Figs. 11(d), 11(e), and 11(f), respectively).
From these results it appears that for wall panels in which the reinforcement
is distributed rather uniformly over the entire wall panel, the effects of
bond slip, dowel shear, aggregate interlock, and tension stiffening of
the concrete in a cracked zone are of much less importance than for the case of

a beam in which the major reinforcement is concentrated along a single line.

3. CONTINUUM METHOD
General constitutive equations that consider the following aspects of

reinforced concrete behavior were developed by Isenberg and Adham (Ref. 1).

° Inelastic stress/strain properties of plain concrete including

tensile cracking and compressive crushing

° Inelastic stress/strain properties of steel
° Progressive deterioration of bond
° Anisotropy (different effective moduli in different directions) due

to cracking and crushing

These equations have been adapted to a plane strain, static finite element
code, which was applied to determine quasi-static aspects of hardened struc-
ture response in the SAMSO RockTest |l program.* Comparison between pre-

dictions and-measurements, reported in reference 5, was encouraging.

The continuum approach requires composite moduli to be defined. Due to
the tendency for concrete to develop large-scale, discrete cracks under
tensile stress, these models must be capable of representing anisotropy. Thus,
tensile stress/strain properties perpendicular to a crack should be different
from those parallel to the crack. A central problem is to define the principal
directions of anisotropy--that is, directions in the material for which funda-

mental stress/strain properties can be derived and subsequently transformed to

*The RockTest |l program sponsored by the U.S. Air Force included design and
validation testing under a HEST/DIHEST environment of facility subsystems for
an advanced fixed-base, large payload missile system,
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other directions. A fundamental assumption of the Isenberg and Adham approach
is that the principal directions of anisotropy coincide with the principal
axes of stress until tensile cracking occurs. Thereafter, principal directions
of anisotropy arc cssumed to be parailel and perpendicular to the direction of
first cracking. Within this framework of orthotropy, tangent moduli for the
composite material are defined in the principal directions of orthotropy.
These moduli depend on the tangent stiffnesses of the concrete and steel and
on the state of bond between them. A variable modulus model, described below,
was developed to represent data available in 1968 (Ref. 1). A variable
modulus model of the reinforcing steel was also defined. These two contri-
butions are combined, using area-averaging as modified by the bond-slip
relation, into composite moduli of a section. The development of this model

includes:

a. Compressive=-Stress/Strain Relativns for Plain Concrete
(Tangent Hodulus)

e relation between increments of stir~ess and s in increasin
The relat bet r t f r d stra for r

compressive stress was considered. Experinmenta! cdata from which the

tangent modulus could be obtained were availab'c at that time for the follow-

ing states of stress:

° Uniaxial Compressive Stress (1 “0; 0p) = 03 = 0)*
(Barnard, Ref. 23 and Kabaila, Ref, 20}

° Triaxial Compressive Stress (v <3, =g3 <0)
(Balmer, Ref. 25)

. Biaxial Tensile and Compress se S*ren (- - 030, > 0; o3 = 0)
(Isenberg, Ref. 26, 27)

“Throughout this report the stres: will be compressive if preceded by a

negative sign.
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The relevant data from these experiments are illustrated in figure 12,
The stress/strain (c‘/e]) relation for unconfined compression, figure 12(a),
is nonlinear before maximum stress is reached and, when testing is performed

in a stiff machine, the curve has a falling branch.

The triaxial compression experiments, figure 12(b), were performed in the
usual way, whereby an initial all-around confining pressure is applied to solid
cylindrical specimens: This is followed by applying additional stress
(additional o;) in the direction of the long axis of the specimen. The data
of interest are the o,/e; curves developed during application of the addi-
tional stress. Balmer's experiments apparently were not performed in a stiff
testing machine. Hence there is no reason to expect a falling branch in the
01/e; curves that he measured. The existence of a falling branch under

triaxial compressive stress has been neither proved nor disproved.

The biaxial tension and compression experiments were performed by subject-
ing tubular specimens to combined torsion and compression. The technique is
reported in reference 27. The data indicate that the shape of the o;/¢;
curves are roughly similar to those measured in unconfined compression and
triaxial compression. However, the magnitude of stress at a particular strain
and the maximum value of o, depend heavily on the state of stress. Although
the o)/e) curves in figure 12(c) contain a small Poisson's-ratio effect

because of the fact that €, is changing, the effect is small and

£] ‘v €] — Ve (2)

These data suggest that, if an ideal series of tests covering a wide range
of stress states could be performed on a group of identical specimens, the
o1/e; curves shown in figure 13(b) might be obtained. These curves represent
loading conditions where the lateral stresses o, and c3; are held constant.

Hence, the slope of the o;/e; curve at any point is the tangent modultus
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Experimental Compressive Stress/Strain Curves for

Figure 12.
Three States of Stress
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(a) Bilinear model

E

-1

(b) Model based on modified Kabaila equation

Figure 13. Idealized Stress/Strain Curves for Plain Concrete
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361)

05,03 = const

(3)

which is prescribed as a function of the current values of o0y, 0o and o3.

The bilinear model shown in figure 13(a) is attractive because it is simple

and represents the broad characteristics of
maximum stress. The state of stress at whi

slope is given by

the experimental curves up to

ch the model o;/¢; curves change

- 0:} + 03
AR ﬁ(——z ) (4)
The tangent modulus E; is defined as follows:
‘f 01 > f » El = EOC I
{5
o] < f ’ E, = Epc

where E and Epc are the tangent modul

oc
inelastic regimes, respectively, and

i for concrete in the elastic and

B8 = An experimental parameter corresponding to angle of internal

friction

-
N

An experimental parameter
sive cylinder strength of
considered to lie between

compressive strength f!.

related to the unconfined compres-
concrete, with the value of ?c

0.85 and 1.0 times the unconfined

Values of B and ?c may be obtained for a specific type of concrete by

plotting maximum o; versus (c. + 0.)/2 a
This has been done for the maximum combined
and some additional data obtained in biaxia

(0] = 0, < 0; 03 =0). The result is shown

27

nd finding the slope and intercept.
stress data shown in figure 12
| compression, reference 28

in figure 14, where an attempt has
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been made to take into account the different properties of test specimens used
by the various investigators. In each individual test series, the companion
values of o; and (o> + 03)/2, are divided by Fc, where ?c Is here
defined as 1.0 times unconfined compressive strength in that test series. The
results of tests in biaxial tensile and compressive stress are so closely
grouped in a small area of the graph that they are represented by only three

symbols.

In determining the parameter 3 from experimental data, more weight is
given to the results of triaxial compression tests than to biaxial compression
tests. This Is done when the model is being applied to plane strain situations,
where the most frequent states of stress are ~loser to triaxial than to biaxlal
compression. For plane stress analyses, - should be evaluated on the basis

of biaxial compression tests.
b. Tensile Stress/Strain Relations for Plain Concrete
(Tangent Modulus)

The relation between increments of stress and strain for increasing
tensile stress is considered next. The states of stress for which data on
the tangent modulus are available are:

o Uniaxial tensile stress, reference 29

° Biaxial tensile and compressive strecc, reference 27

These data indicate that the tenci'e strecs/s*ra’n relations are approximately

linear up to maximum combined <*tre« , al*houch *hYey are not exactly lirear.

1t was decided to represent the tencent modu'ys “n tension by a constant
7301
o (4 co
T E, (a constant) (6)
GY 57
where E_. is equal to the initial tangent moculus in unconfined compression.
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In addition to tensile stress/straln relations, it Is also necessary
to have a criterion of maximum tensile stress or cracking stress. The sense
and magnitude of the lateral stresses o,,03 affect the maximum tensile
stress, as experiments under biaxial tensile and compressive tests show
(Refs. 27, 30, and 31). However, at the time of conducting the study reported
in reference 1, there were no data on maximum tensile stress as a function
of two lateral compressive stresses (o < 0, 03 < 0) or as a function of
one lateral tensile stress (oo > 0) and one lateral compressive stress
(03 < 0). 1In the absence of such experimental data, a criterion based on
data from the biaxial tensile and compressive stress state was assumed. The

mathematical statement of the tensile strength criterion is as follows:

For gy < 0 and o, < o3
]
O'ISft,
where f; = ft - nap (7)
and
f = Unconfined tensile strength of concrete (> 0)

Slope of cracking envelope

=3
[ ]

If o = f;, maximum tensile stress has been reached and cracking is

said to have occurred.

For both o5, o3 >0

FIL N fm B (8)

The graphical representation of this criterion 1s illustrated in
figure 15. The projection of this criterion in o;/0, plane Is shown for
convenience in the same figure and correlates well with the actual criterion

shown in figure 8(c).

30

L e I, < AN b



T L T T Sy T

(a) Three-

dimensione' cracking criteria

4 (TENSION)

|
|

f

o, (TENSION) -

t n = SLOPE OF CRACKING
ENVELOPE
if, | -f!
"y C 9 (COMPRESS10N)
f
|
|
.f'
C

o, (COMPRESSI0N)

(b) Projection of tensile cracking criterion in the oy, = 9, plane

Figure 15.

Tensile Cracking Criteria
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¢. Poisson's Ratio

Experimental data on Poisson's ratio are available mainly from tests in
triaxial compressive stress. The data in reference 32 clearly show that
under this state of stress, Poisson's ratio is approximately a constant up to -
50 to 90 percent of maximum combined stress and that it increases rapidly as

maximum stress is approached.

No attempt has been made to represent this type of variation in Poisson's
ratio. Instead, it has been assumed to be initially constant, equal in all
directions and equal to the value measured in unconfined compression near zero
stress. This assumption is justifiable because the model Is intended to apply
in situations of plane strain or nearly uniaxial strain. These situations
differ sufficiently from triaxial compressive stress, where lateral expansion

is not prevented.

The initial value of Poisson's ratio for plain concrete is used for the
composite material. When Iinelasticiiy occurs, one or more tangent moduli
decrease. Consequently, in order to preserve the symmetry of the finite
element stiffness matrix, one or more Poisson's ratios of the composite material
are also decreased. This procedure is justified mathematically but does not 0
necessarlly represent physical processes. The steps required to maintain a

symmetric stiffness matrix are described below.

d. Properties of Steel

The required properties of the stecl are the tangent modulus, the yield
stress, and Poisson's ratio. These properties are assumed to be the same in
tension and compression. It is also assumed that yielding of a steel bar is
governed only by the stress in the direction of the bar. The influence on

yielding of stresses perpendicular to the bar is neglected.

ilo specific experimental data were used in the |senberg/Adham model
(Ref. 1) to define the properties of the steel. Engineering handbook values
of elastic Young's modulus, Poisson's ratio, and yield strength were used. .

The experimental tensile stress/strain curve of the steel bars were idealized

32
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as shown in figure 1¢. The broken line is the stress/strain curve used in

the model. The parameiers which characterize the model are:

= Elastic Young's mudulus

H Qs
Eps = Flastic Yourg's rodulus
( »
f, = TYield strength of steel
In addition, Poisson's ratio for «icel, a2 should be specified.
L
e. Composite dechavior

The conposite mode! combines the variation, ia steei and concrete proper-

ties discussed above and accounts for:

° The combined properties of steel anc concrete
° The change in princinal directions of stresses and the orientation
of cracks
. Progressive bond failure between stee! and concrete
° Material orthotropy
’ . Mechanical orthotropy

. ) Orthotropy due to crackinrc

The present model consicders the fin (o e erent =~ . oter: 3s a continuum in which
properties are uniform within an element. 7 Cdemonstrate the method, the

linear strain !‘riangle ‘s used in the oresent ar 1ysis.

f. ldealization of a Reinforced Concrele Structure

A typica. finite element idculization of a reinforced concrete structure
and the surrounding medium is showrn in figurc 1/. The external loads act in
the x-y plane, which is also the plane of primary reinforcement (Fig. 18).

For a reinforced concrete element the reinforcenent arcas ASI and Asll in
an arbitrary orthogonal orientation are given. The angle ;, s the inclina-

tion of the reinforcement relative to the global x-axis as shown in figure 18(b).
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= !DEALIZED TENSILE STRESS/STRAIN CURVE

=== PRESENT MODEL

Figure 16.

Tensile Stress/Strain Curves for Reinforcing Steel
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Figure 17. Simplified Finite-Element Representation of a Reinforced Ccncrete
Structure Embedded in a Homogeneous Medium (i.e., Rock)
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GLOBAL X-AXI1S

B Xx

(a) Homogeneous material (b) Reinforced concrete

Figure 18. Finite Elements
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Both Asl, As'|' and ¢ may vary from element to element. While the method

is addressed to reinforced concrete elements, it can also be applied to homo-
geneous elements of plain concrete or rock, etc., by eliminating from the
analysis the terms corresponding to the reinforcement as shown in figure 18(a).
The objective of the reference 1 investigation is illustrated by figure 19.

The compressive paths (1-2-3), (1-2'-3'), etc., of figure 19{(a) are applicable
for defiﬁing the tangent moduli for compressive states of stress for both
composite and homogeneous elements, as discussed above. The tensile path (1-4-5)
in figure 19(a) applies to homogeneous elements only. The composite behavior
of a reinforced concrete element in tension is illustrated in figure 19(b). In
this figure, the portion (1'-4') shows the composite behavior before cracking.
After primary cracks occur, a reinforced concrete element behaves differently.
The bond between steel and concrete allows the concrete to continue adding a
portion of its stiffness to that of the reinforcing steel, resulting in a
composite tensile modulus as illustrated by the segment (4'-5') in figure 19(b).
The portion (5'-6') of figure 19(b) represents the condition when bond is
completely broken and the composite modulus is determined by the plastic

modulus of steel. At this stage, strains may become excessive.

Upon application of load, three components of stress develop in the
element. The average element stresses c;, 0., and ¢y in the principal "
directions of orthotropy are used to check and update the properties of the
entire element. At the end of each load step, a check is performed In each
of the three orthotropic directions, and the properties of the elements are
changed according to the stress magnitudes, the loading/unloading history,
and the orthotropic properties along the three directions. The three-way

check can be summarized as follows.

If o; is compressive, the modulus E; s obtained as shown above.
However, if o) is tensile and does not exceed cracking stress f; (see
equations 7 and 8), an initial tensile modulus equal to the initial unconfined
compressive modulus Eoc is used. In this case, the principal axes of

orthotropy coincide with principal axes of stress. This behavior is repre-

sented by segments (1'-4') of figure 19(b), and the principal axes of orthotropy
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(b) romposite concrete tensile stress/strain relation

Figure 19. Composite Stress/Strain Relations
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If, however, exceeds

still coincide with the principal axes of stress. o2

the cracking stress f! the principal directions of stresses are recorded

t?
as the initial cracking directions. The effective areas of steel AS‘ and As2
are found by resolving ASI and Asl' to the cracked direction and the cracking

angle 9 is recorded, as illustrated in figure 20. The cracking directions
are thus recorded and used as a permanent reference for calculating and updat-
iny the orthotropic properties of the element. After cracking, the principal
axes of stress may differ from the cracking axes. The present analysis
assumes that these deviations are small and that fixing the cracking directions
approximates the actual behavior of the structure under consideration. The

check on cracking is repeated again for the «¢- and o; stresses, following

similar steps.

For increased stresses, a postcracking hypothesis Is adopted. The
present analysis used available experimental data (Ref. 33) on the extension
of cracks in reinforced concrete members subjected to tension loads. It is
based on the premise that, after initial cracking, the concrete contributes
to the overall stiffness of the section by an amount proportional to the
bonded length D,

and that a variable . «c¢an be used to estimate the

reduced stiffness of the section at various stages of loading. The variable

A is defined as

S

d+n

(9)

where D is the bonded lencth of concrete, and d is the unbonded cracked

length of concrete.

The variable ) is used to compute the composite stiffness E; of

the section, which is given by:

Y

+
+ E
[

EA'

EA'
S s s 5

1 (10)
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CRACKED SECTION \\_ Ag
1
ORTHOTROPIC \

1 1-AXIS v

X,Y,2 = GLOBAL COORDINATE SYSTEM

1 = COORDINATE PERPENDICULAR TO THE CRACKING PLANE (WEAK DIRECTION)

@ = ANGLE BETWEEN 1 AND x AXES. (POSITIVE COUNTERCLOCKWISE)

AS ,AS = REINFORCING STEEL IN THE DIRECTION AND PERPENDICULAR TO THE CRACKS
1 2
(a) Orientation of orthotropic axes 1, 2, 3 as defined
by the initial cracking
Figure 20. Initiation of Cracks and Bond Slip in the Principal Direction
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where

E = Medulus of steel (E,, or Eps)

A'. = Percentage of steel in the 1-direction
Ec. = Concrete initial modulus in tension (E..)

A1 = Cracking variable as computed for direction 1

The above formula was used successively to compute the composite moduli Ei,

E, and E3 1in the three orthotropic directions.

Before cracking, the value of X 1is one and the concrete and steel con-
tribute all their respective stiffnesses. However, after cracks occur, the
first term in the denominator of equation 10 increases with the decrease of 1},
while the second tarm decreases with decrease of ), When bond becomes entirely
broken, A = 0, the second term disappears and the composite stiffness
becomes the stiffness of the steel bars. Thus continuous change of A accounts
for the continuous loss of bond due to increased loads and provides a simple

way for updating the composite properties of the element.

The variable ) describes the extent of bond deterioration. Bond begins
to deteriorate at the onset of cracking of concrete and ends when the concrete
ceases to add any stiffness to the assemblage. This range varies among mate-
rials and should be part of the input to the problem. The onset of yielding

of reinforcing steel is the upper bound for the cracking range.

The composite shear modulus G,, was computed in a similar manner.

- c . .
’ Ci S
12 = T\ T E ey I Ay
| J
[ Ec?_ Es ]
+ I 20T+ vp5) + A0 v;TVAgz (11)
i ]

For a homogeneous element (plaln concrete, rock, etc.), the second and fourth

terms in the above equation veaish.
b



The form of equation 11 is somewhat analogous to the equation for shear
modulus of an isotropic material, G = iTT—%—;Tu Equation 11 has two basic
parts. First, a shear modulus is calculated as if the element isotropically
possessed the effective E and v in the 1-1 direction. A second calculation
is made using the effective E and v in the 2-2 direction. The average of
the two shear moduli is assumed to be the effective shear modulus for the
element. |In several practical calculations of structural response, G,
based on equation 11 varied from 0.75 to 1.0 times the shear modulus for plain

concrete near zero stress.

L, SUMMARY OF BASIC MODELS

A summary of the models that are discussed above is given in table I.

From this summary it was concluded that the advantage of the discrete
cracking element approach is its simplicity for computer programming and its
ability to represent detalled bond-slip behavior at the exact position of the

reinforcing. Disadvantages of this approach are the following:

) The parameters of the cracking element do not have a clear

physical meaning and are therefore difficult to evaluate.

) The independent degrees of freedom of the cracking elements are
the absolute displacements. |t would therefore be possible
for continuum elements on either side of the cracking element
to move past each other if there were a reversal in sign of

the load.

° in order for the cracking direction to be completely general,
it is necessary to supply a cracking element for every nodal

point in the assemblage.
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The advantage of the equivalent continuum approach is that it offers
complete generality with respect to directions cf cracking and orthotropy and
with respect to the constitutive properties of plain concrete. A disadvantage
is complexity of computer programming that is needed due to the orthotropic

formulation of composite stress/strain relations.

5. OTHER MODELS OF REINFORCED CONCRETE

A brief summary of other studies of reinforced concrete behavior are
included here for completeness. Bresler and Bertero (Ref. 34) studied the
effects of repeated loads on reinforced concrete members. Selna (Refs. 35
and 36) developed a method of analyzing one-dimensional beams and frames as
layered systems, assuming linear elastic behavior up to tensile cracking or
perfectly plastic yielding. Time-dependent shrinkage and creep effects were
included. Sandhu, Wilson, and Raphael (Ref. 37) performed two-dimensional
stress analyses of plain concrete dams, including the effect of creep.
Similar studies have been undertaken by several other investigators. Valiappan
and Doolan (Ref. 38) made two-dimensional stress studies that included the
effects of tensile cracking and elastic-plastic behavior in compression using
an initial stress approach. The postcracking stiffness of cracked finite

elements was set equal to zero.

In a recent report Yuzugullu and Schnobrich (Ref. 39) used the
finite element method to study the inelastic behavior of shear wall-frame
systems. They assumed that cracked concrete does not carry any tensile forces
perpendicular to the cracks, but maintains some amount of shear stiffness
because of the irregular surface of the crack. lUniaxial, perfectly plastic
behavior was assumed for both the cracked concrete and reinforcing steel.

A linkage element similar to that developed by Ngo and Scordelis (Ref. 2)

was used.

Taylor et al. (Ref. L0O) presented a finite element analysis that
used an incremental, iterarive solution to predict the nonlinear behavior of
reinforced and prestressed corncrete structures subject to cracking. The

initiation and propagation of cracks were accounted for by redefining (within

Ly




each iteration) the finite element grid lines so that they more nearly coin-
cided with the predicted crack paths. Linear strain elements were used to
model the reinforcement. A linkage elemen. (Ref. 2) was used to model the
bond/slip mechanism. The solution is path-independent, and no attempt was

made to discuss cyclic stress-strain states.

Studies of reinforced concrete slabs by the finite element method have
been presented by Jofriet and McNiece (Ref. 41) and by Bell and Elms (Ref. 42),
which incorporate progressive cracking in triangular or quadrilateral plate
bending elements. Changes in the bending stiffness of elements due to cracking
normal to the principal moment direction are accounted for by using a reduced
flexural rigidity in forming the element stiffnesses. Comparisons between

computed and experimental results are presented.

Wahl and Kasiba (Ref. 43) applied the finite element method to the analysis
of prestressed concrete nuclear reactor structures, which were treated as axi-
symmetric solids. Rashid (Ref. 44) discussed an analysis method (more refined
than that of Wahl and Kasiba) that accounts for cracking, temperature e:fects,

creep, and load history.

A study was undertaken by Endebrock and Traina (Ref. 45) to determine
the behavior of plain concrete under combined stresses and to formulate com-
puter-oriented constitutive relations for concrete. One nominal concrete
strength was tested under various loading combinations. The loading com-
bi{nat'ions included the uniaxial, biaxial, and triaxial states of stress with
various combinations of compressive and tensile stresses. The test specimens
were three-inch cubes. The test information was obtained as stress/strain

records for the three principal directions of the cubical test specimens.

During the testing program it was noted that somewhat different strength
valyes were obtained depending upon the orientat.on of the cube with respect
to the applied loads and the direction of casting. The uniaxial compressive
strength was not greatly affected by the orientation of the cubes; however,

the biaxial and triaxial test results were noticeably affected by the cube

b5



orientation. The failure mode of the cubes was identical to that described
by several investigators. |t was noted that the slightest confinement of a
test cube in an intended uniaxial test would noticeably affect the maximum

strength.

In triaxial compressive tests, it was noted that the maximum stress was
greatly affected by the magnitude of the minor stress and somewhat affected
by the intermediate stress. The strains were generally affected in the

same manner.

The test results from this investigation were compared to available test
results reported by other investigators. The scatter in results reported is
rather large; however, many of the investigators used different testing
procedures, equipment, and different shaped test specimens. The results of

this investigation were bounded by the results reported by other investigators.

A model to predict concrete behavior was developed. The mathematical
development of the model was theoretical; however, empirical results were
incorporated into the model such that the test results were simulated. The
mode! was used to predict the constitutive relations for concrete subjected
to combined loads. The loads can be tensile or compressive. The model

solution was incorporated in a computer program,

The experimental data generated by this study represent a substantial
addition to the information available on multiaxial loading. However, the
model developed uses one concrete strength only and does not account for the

effect of loading and unloading under combined stresses.
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SECTION 111

RECENT DEVELOPMENT IN METHODS OF OBTAINING
PARAMETERS OF A COMPLETE MODEL

One of the greatest difficulties in any attempt to analyze a reinforced
concrete member is to select a material mode) general enough to allow good
correlation with data from various types of loading tests and to evaluate the
parameters appearing in such a model. Recently reported progress, summarized
below, indicates that suitable descriptions of the behavior of plain concrete
and of the influence of reinforcing are available. These elements will be

combined in Section IV to obtain a model of reinforced concrete.

1. CONSTITUTIVE PROPERTIES OF PLAIN CONCRETE

Considerable work has been conducted on uniaxial behavior of plain concrete.
However, most of this work does not account for the combined stress states
encountered in refined analysis by the finite element method. The paper by
Popovics (Ref. 46) on stress/strain relationships for concrete under uniaxial
loading provides an excellent review of the literature. Information on the
response of concrete under combined stresses is much more meager (Refs. 1, L, 45,
and 47 through 51), particularly with respect to general stress/strain relation-
ships. Significant experimental work was reported by Kupfer, Hilsdorf and Rusch
(Ref. 50). Buyokozturk, Nilson, and Slate (Ref. 52) have used the finite element
method to develop an analytical model of plain concrete composed of aggregate
elements and paste elements to study its behavior under two-dimensional combined
stress states. Liu, Nilson, and Slate (Ref. 53) proposed an analytical form of
stress/strain relationship of concrete in biaxial compression. In addition,
orthotropic constitutive relationships were stated in a matrix form adapted to
finite element models. They also compared their biaxial relation to those
developed by Saenz (Ref. 5h) and by Desayi and Krishnan (Ref. 55).

The following constitutive relations developed by Liu, Nilson, and Slate

for concrete in biaxial compression are adopted.

e,k
9, = (12)
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pr Ep Aare the

peak stresses and strains in biaxial compression respectively, and

where secant modulus at ultimate load E . = op/ep, and o©

gy = Stress in the l-direction
€y = Strain in the 1-direction
g
Bl = ET
E = |Initial tangent modulus in uniaxial loading for unconfined

compression

v = Polsson's ratio in uniaxial loading for unconfined compression

The value of E can be computed from the equation of Pauw (Ref. 56) as

recommended in the American Concrete Institute Code (318-71):
E = 33w3/24fc' psi
(€

in which W 1is the unit weight of the hardened concrete, in pounds per cubic

(13)

k2.7 W3/2 yfFT N/m2)

foot (kg/ma); and fé = ultimate cylinder strength of concrete in uniaxial

compression, in pounds per square inch (Newton/m?).

Pauw (Ref. 56) examired Poisson's ratio v in a series of tests and
found values near 0.20. Liu, Nilson, and Slate (Ref. 53) found that the

ultimate strength o, could be computed “rom:

p
op 2
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Gp
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and

B = By = 0p/oy if the 1-direction is considered,

and ¢p is computed from

B < 1 ep = 0.0025
B > 1 ep = (=500 + 0.55 o,) x 10_6, o, in psi
( = (-500 + 7.98 x 107° op) X 1076, o, in N/m?)
where (15)
Iy = Unconfined compressive strength

In addition to Young's moduli, which must be computed for each of the three
orthotropic directions, three Poisson's ratios must be computed: vy, = vy,

V23 = V32, and v3)] = vy3.

When cracking occurs, a simplification can be made. For example, for
cracking in the plane perpendicular to the 1-direction, the coupling effects

are removed and

vo1 = v3p = 0 (16a)
For simplicity it is assumed that
vo3 = v3p = 0 (16b)

Three concrete shear moduli are also required. Assuming that the 1-2 plane
is uncracked,
i 1
_ ElbEzy
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Bl * B3 * 26, v

(17)
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where

Vi2 = V21 = V3] ® V]3 = Vy3 = v3pz = v (19)

for biaxial compression and is equal to E for biaxial tension and tension-
compression cases (for concrete in tension, it can be assumed without signifi-
cant loss of accuracy that linear behavior is obtained up to failure; the

elastic slope will be taken equal to the initial tangent modulus in compression)

and

1
E2b 272
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1+ (Tl_g_ 2)(-——)+ i
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for biaxial compression, and is equal to E for biaxial tension, and to £,

(20)

for tension-compression case, where

E, = E in the 2-direction
By = 0,/0, for biaxial compression

8, = 9,/0, for tension/compression

Assuming that there is a crack in the plane perpendicular to the 3-direction,

It follows that
- g
[ B
9y AL £ Y 0 £
2b
02 . PRV A 0 62 ....... (22)
]
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where

A o e (23)

Liu, Nilson, and Slate (Ref. 53) recommended equation 22 for the constitutive
relation of concrete in biaxial loading and indicated that it produces results
that compare well with experimental data as illustrated in figures 21 and 22.
However, they also indicated that no experimental data are presently available

to check the shear term in the proposed relationship.

2. DOWEL ACTION OF REINFORCEMENT CROSSING CRACKS IN CONCRETE

If a shear force acts on the cracked specimen, the cracked surfaces may
slip, the force being counteracted only by the crosswise bars. During slipping,
the bars develop shears that cause flexural stresses. This resistance of the

bars to slipping is called '"dowel action."

Dowel action has been studied by several investigators. Jones (Ref. 57),
Parmelee (Ref. 58), Krefeld and Thurston (Ref. 59), and Lorensten (Ref. 60)

have studied dowel action in reinforced concrete beams.

Parmelee (Ref. 58) proposed that the transverse force-displacement rela-
tionship of reinforcement at an inclined crack can be approximated by consid-
ering a semi-infinite elastic rod subjected to tension, T, and transverse
shear, V_, and restrained at the end of the gap by embedment in an elastic
medium (Fig. 23). The displacement, 4, of such a rod depends to some extent

on the effective width, a*, of the longitudinal cracked zone (Fig. 24).

A brief summary of the previous work on dowel action has been presented

by Bresler and MacGregor (Ref. €1).

The studies reported above have neglected the action of the stirrups and
the effect of horizontal cracking of the concrete cover. No consideration has

been given to the dowel action in the postcracking stage.
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Obtained from Biaxial Compression Tests (Ref. 5h)
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Figure 23. Dowel Action-Displacement

Figure 24. Dowel Force-Displacement Relationships
(after Parmelee--Ref. 58)
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Dowel action in precracked and uncracked specimens was studied by Hofbeck,
et al. (Ref. 62), Johnston and Zia (Ref. 63), and Peter (Ref. 22). It was also
discussed in the ACI-ASCE Joint Committee 426 report (Ref. 64).

In a recent paper Dulacska (Ref. 65) conducted a test program to examine
the phenomenon of dowel action in order to establish theoretical load-deformation
relationships. The Dulacska tests were made using specimens designed as shown
in figure 25. To simulate cracks, two layers of 0.0078-in.-thick (0.019812 cm)
sheet brass, which were conhected in the middle by a skewed steel stirrup,
were embedded in the test specimens. During testing, relative slip along the
simulated crack and opening of the crack perpendicular to the direction

of the load were recorded.

Experimental results for the failure load in the bar were found to corre-

late well with the following relationship:
2 Oc
Te = po yo,n sin § 1+ > Vi -1 (24)
3oy g n sin &

T¢ = Fallure load of dowel shear

where

¢ = Bar size

§ = Angle of stirrups in degrees

o, = Yield stress of steel

o = Cube strength of concrete

n = Coefficient of local compression of concrete

Y = Constant

2 2
p = 1 - /Hy
# = Axial tension force of bar
NY = Axial tensile force inducing yield in pure tension
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From test results, it was found that slip in inches (cm) can be predicted

by the approximate expression:

Ny ‘/% ton (13) (25)
where
A = Constant
T = Dowel shear load
T, = Failure load of dowel shear calculated from equation 24
¢ = Bar size
o = Cube strength of concrete

when T, ¢, and o, are in consistent units.

Equation 25 was plotted as a function of T and A for two values of

§ = 10° and 40° respectively, as shown in figure 26.

The results indicate that an increase in the angle & results in a
decrease of the dowel shear force T and increase in the bar's normal force
N. Also, an increase in the concrete-strength o, results in an increase

of dowel shear capacity T..

3. BOND SLIP

Bond slip enters constitutive equations for reinforced concrete through
the effective moduli of the composite material. |t may be defined quanti-
tatively as the percentage of its own stiffness that concrete contributes to

the stiffness of a composite element.

56




e

L8

(A, cm)
-3 -3 o -3
10 20 x 10 "0 x 10°°)
2500 (10? ) | >'< ) ( ; (112%0)
AT ( T ’-;’)
A = — qf=— tanf=
o g, Tf 7
2000} - (8896)
1500} —(6672)
"=
2
2
2
=
1000 — (4448)
Te LB COIN. o KSI
¢ 2
500 (Newton) {cm) {Newton/m") (2224)
10° | 2326 0.39 4,54
(10346) (0.99) (20.20)
4° | 1030 0.39 3.4
(7366) (0.99) | (15.20)
1 | |

0 5% 1072

Figure 26. Dowel Shear Force-Slip Relationship (Ref. 65)

-
10X 107
4, IN.

57

15 X 10




g

The new work bearing on this subject is that of Ismail and Jirsa (Ref. 66).

An expression for A, the ratio of concrete contributing to overall stiffness

of the section was defined as follows:

Sl e —— (26)
ASES
where
e, = Steel strain
T = Tensile force
A, = Cross-sectional area of steel
E, = Young's modulus for steel
L = Length of specimen

The length of test specimen was 16 in. (40.6 cm), selected to limit the
formation of secondary cracks between the ends and the primary crack at the
midlength. The location of the primary crack was determined by inserting
greased sheet metal strips (crack formers) in the form prior to casting, as
illustrated in figure 27(2). The concrete strength fo was 4.75 ksi
(32751 x 103 N/m?2) for two specimens and 3.25 ksi (22409 x 103 N/m2) for the
other two. Data from this work are shown in figure 27 as a relationship
between A and os/oy, where o, is the stress in the steel reinforcing
bar and o, is yield stress of this bar. The data indicate that ) can be

y
presented as a function of

] Concrete strength
° Steel stress (fraction of yield strength)
° Cycle of loading/unloading

The experimental work by Tanner (Ref. (67) represents a valuable addition
to the data on bond slip. The concentric pullout specimen, figure 27(b), was

used to simulate conditions obtained in the constant moment region of a
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Figure 27. Test Specimens of Bond Slip (Refs. 66, 67)
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reinforced concrete beam between tensile cracks. The lapped-splice specimen,
figure 27(c), was designed to simulate spliced reinforcement in a constant

moment region of a beam between tensile cracks.

Data from both tests are plotted for different concrete strength in
figure 28. The results of Tanner's concentric pullout tests (11-B) are
bounded by the results of Ismail and Jirsa (Ref. 66). However, the results
of Tanner's lapped-splice specimens were considerably higher than those
obtained from concentric pullout tests performed both by Tanner and by Ismail

and Jirsa.

The linear bond-slip relation used by Isenberg and Adham (Ref. 1) is also

indicated in figure 28.

The effect of loading and unloading on X was studied by Ismail and
Jirsa (Ref. 66) and indicates that X is reduced by cyclic loading whenever

the peak moments in the preceding cycle are greater than in any previous cycle.

L.,  CRACK WIDTH AND CRACK SPACING

Extensive Investigations have been carried out concerning crack widths
and crack spacing in reinforced concrete members (Refs. 33 and 68-84) and

several theoretical and empirical formulas have been developed (Refs. 68-69,

75-76, and 8L-86).

One of the simplest and most useful studies found in the references
cited above is the one conducted by Broms (Ref. 33). Data on crack widths
were obtained from flexural and tensile tests of members reinforced with steel

bars, figures 29 through 33.

A tension member is shown in figure 29(a). The crack spacing at the level
of the reinforcement was observed to decrease rapidly with increasing applied
load. After the axial stress in the reinforcement had reached a certain
critical value, the spacing of visible cracks remained approximately constant.
It has been shown by Broms (Ref. 33) that high calculated axial tensile stress

will be present within an area located inside a circle that is inscribed between
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TENSION f, PSi
TYPE c

11-B-1  CONCENTRIC 3980 (27 x

o |1-B-2  CONCENTRIC 3980 (27 x

11-B-3  CONCENTRIC 4500 (31 x
18" (45.7 cm)
Tel—"JwT
111-A=1  LAPPED SPLICE 2900 (20 x
® |11-A-2 LAPPED SPLICE 4125 (28 x
18" (45.7 cm)
T
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two adjacent preexisting cracks. Outside this stress clircle, compressive
stresses or very small tensile stresses will be present, as illustrated in

figure 29(b).

According to Broms (Ref. 33),

When the maximum tensile stress within any one stress circle exceeds
the tensile crack strenqgth of the concrete, a new tensile crack develops.
This tensile crack will spread laterally until the average tensile stress
at the root of the crack decreases to a value smaller than the tensile
strength of the concrete. This appears to occur when the crack approaches
the periphery of the corresponding inscribed circle. For the case when
the member is reinforced with a single reinforcing bar, the length of
this new tensile crack will be governed by the diameter of the circle
inscribed between two adjacent preexisting cracks and thus, by the crack
spacing. If the diameter of the inscribed circle is equal to or larger
than the total width of the member shown in figure 30(a), then the
normal crack will traverse the total section of the member. Such 4
crack is defined as a primary crack. |f on the other hand, the diameter
of the inscribed circle is less than the total width as shown in
figure 30(b), then the new crack (which forms halfway between two exist-
ing primary cracks) will extend over only part of the total member
width. This crack will be defined as a secondary crack. Therefore as
cracking proceeds, the length of subsequent cracks will decrease in
proportion to the crack spacing as shown in figure 30(c).

The length of the new cracks that develop in a member reinforced
with several bars will depend on the spacing of the individual bars and
on the primary crack spacing. |In the case when the primary crack spacing
is larger than the spacing of the reinforcement (Figs. 31(a) and 31(b)),
the individual stress circles corresponding to each reinforcing bar
overlap. As a result, the tensile cracks that develop at each individual
bar join into a single crack that extends over part or all of the width
of the member. The new tensile crack will extend to the unloaded vertical
sides of the member (and will become a primary crack) if the stress
circle corresponding to the bar located closest to the side of the member
reaches the side of the member (Fig. 21(a)). This condition occurs when
primary crack spacing is larger than twice the thickness of the side cover.
When the primary crack spacing is less than twice the concrete cover
(Fig. 31(b)), then the new tensile crack will not reach the surface of the
member and will become a sccondary crack.

The preceding analysis suggests that the absolute minimum visible
crack spacing will be equal to the distance from the surface to the
center of the bar located closest to the surface of the member. This
distance is defined as the distance t. Thus, it is suggested that the
theoretical minimum crack spacing will be equal to the thickness of the
concrete cover (measured from the center of the reinforcing bar located
closest to the considered face).
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The formation of flexural cracks affects the longitudinal stress
distribution in flexural members. The stress distribution within a
cracked flexural member can be calculated approximately from theory of
elasticity. |t can be shown that high tensile stresses will be present
within the circular area located between two adjacent cracks, as illus-
trated in figure 32. Outside this circular area, compression stresses
or small tensile stresses will be present. The stress circles governing
the stress distribution for the tension zone have been redrawn in
figure 33(a). When a set of cracks occurs approximately halfway between
existing primary cracks, the new cracks will spread laterally until
they reach the periphery of the corresponding stress circles where the
intensity of the average axial tensile stress is low. [f the primary
crack spacing is less than twice the distance from the level of the
reinforcement to the neutral axis, then the length of the new cracks
will be less than that of the original primary flexural cracks (which
extend to the neutral axis) and the new flexural cracks will become
secondary flexural cracks.

The secondary flexural cracks (shown in figure 33(b)) will cause
a stress redistribution in the immediate vicinity of the reinforcement.
A new set of cracks, secondary flexural cracks of the second order,
develops when the maximum tensile stress in the concrete exceeds the
tensile strength of the concrete. The lengths of these new tensile
cracks will be governed by the diameter of the corresponding stress
circles (the distance between two adjacent tensile cracks). If the
crack spacing for adjacent cracks is less than twice the thickness of
the bottom cover of the flexural! members, then the corresponding stress
circles and the new set of tensile cracks will not reach the bottom
face of the member, as shown in figure 33(b).

In summary, the work of Broms indicated that the assumption of a uniform
linear stress distribution in cracked reinforced concrete may lead to large
errors when the calculated crack spacing of the main cracks approaches twice
the thickness of the concrete cover or the spacing of the individual rein-
forcing bars. The absolufe minimum visible cracking spacing was found to be
equal to the thickness of the concrete cover. The average minimum crack

spacing will be larger than the absolute minimum crack spacing given above.
t < crack spacing < 2t (27)

where t is the thickness of the c."crete cover as indicated in figures 29

and 33.
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Figure 32.
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From the observation that the average crack spacing Is approximately equal
to twice the distance t, Broms (Ref. 33), found that the crack width can be

calculated from the relation

W = 2te, (28)

ave

where W, . = crack width or the total elongation of the reinforcement, and

€, = is the average steel strain.
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SECTION 1V

FORMULATION OF PRESENT MODEL

This section summarizes the formulation of the mathematical model
developed under the present contract. This model is essentially an improved
version of the lIsenberg/Adham model (Ref. 1). The improvements were based on
pertinent studies reviewed at the beginning of this contract. No new devel-
opment of fracture theory or nonlinear constitutive relations was included
in the scope of the present work. Some features of the model such as concrete
stress/strain relations were discussed in previous sections, and their details
are not repeated. Other features such as the dowel action formula are modi-
fied and their details are included in this section. The model was formulated

in steps that are summarized below.

1. STEPS TO FORMULATION OF THE MODEL

The model was formulated in two basic steps:

STEP 1. This step establishes the stress/straln relations in principal

directions of orthotropy. The formulation includes the following elements:

° Concrete stress/strain relations

® Steel properties

° Bond-slip relations

° Dowel action

° Composite moduli of reinforced concrete

The principal directions of orthotropy were defined as follows:

° Before cracking, principal directions of orthotropy are defined by

principal directions of stress.

® Direction of first cracking defines principal direction of ortho-
tropy, while second and third principal direction of orthotropy

are directions of the largest stress and its normal.
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STEP 2. This step involved matrix transformation from principal directions

of orthotropy to global directions and included:

° Formulation of matrix of direction cosines

° Assembling global stiffness matrix

The details of the above steps are given below.

2,  CONCRETE STRESS/STRAIN RELATIONS

Two types of plain concrete stress/strain models are incorporated in the

present analysis:

a. Variable Modulus Model

The virgin loading stress/strain relations incorporated in this model are
those suggested by Liu, Nilson, and Slate in reference 53 and described in
detail in Section Ill. |In these relations the moduli of elasticity in ortho-
gonal directions are expressed as functions of strain and confinement. The
moduli E, and Gij are functions of the state of stress and s<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>